Wave Packet under Continuous Measurement via Bohmian Mechanics by Nassar, Antonio B.
ar
X
iv
:1
00
1.
43
28
v1
  [
qu
an
t-p
h]
  2
5 J
an
 20
10
Wave Packet under Continuous Measurement
via Bohmian Mechanics
Antoˆnio B. Nassar
Physics Department
The Harvard-Westlake School
3700 Coldwater Canyon, Studio City, 91604 (USA)
and
Department of Sciences
University of California, Los Angeles, Extension Program
10995 Le Conte Avenue, Los Angeles, CA 90024 (USA)
Abstract
A new quantum mechanical description of the dynamics of wave packet under con-
tinuous measurement is formulated via Bohmian mechanics. The solution to this equation
is found through a wave packet approach which establishes a direct correlation between a
classical variable with a quantum variable describing the dynamics of the center of mass
and the width of the wave packet. The approach presented in this paper gives a compar-
atively clearer picture than approaches using restrited path integrals and master equation
approaches. This work shows how the extremely irregular character of classical chaos can
be reconciled with the smooth and wavelike nature of phenomena on the atomic scale. It
is demonstrated that a wave packet under continuous quantum measurement displays both
chaotic and non-chaotic features. The Lyapunov characteristic exponents for the trajectories
of classical particle and the quantum wave packet center of mass are calculated and their
chaoticities are demonstrated to be about the same. Nonetheless, the width of the wave
packet exhibits a non-chaotic behavior and allows for the possibility to beat the standard
quantum limit by means of transient, contractive states.
PACS: 03.65.Ta, 03.65.Sq
2The evolution and dynamics of wave packets are the subject of much current investi-
gation in many areas of both physics and chemistry.[1, 2] In molecular physics, a new realm
of phenomena involving wave packets has opened up with the emergence of femtosecond
pulse technology.[3] Wave packets have also been produced in semiconductor quantum well
systems.[4] The use of wave packets to analyze the dynamics of quantum mechanical systems
is crucial for the study of the classical-quantum interface. Further, the description of a real
scattering event should correspond to the established experimental observation of localized
particles approaching a scattering center and subsequently receding from it. This entails the
construction of a wave packet state and the analysis of its evolution in time.
A new quantum mechanical description of the dynamics of wave packet under con-
tinuous measurement is formulated via Bohmian mechanics. The solution to this equation
is found through a wave packet approach which establishes a direct correlation between a
classical variable with a quantum variable describing the dynamics of the center of mass
and the width of the wave packet. The approach presented in this paper gives a compar-
atively clearer picture than approaches using restrited path integrals and master equation
approaches. This work shows how the extremely irregular character of classical chaos can
be reconciled with the smooth and wavelike nature of phenomena on the atomic scale. It
is demonstrated that a wave packet under continuous quantum measurement displays both
chaotic and non-chaotic features. The Lyapunov characteristic exponents for the trajecto-
ries of classical particle and the quantum wave packet center of mass are calculated and
their chaoticities are demonstrated to be about the same. Nonetheless, the width of the
wave packet exhibits a non-chaotic behavior and allows for the possibility to beat the stan-
dard quantum limit by means of transient, contractive states.[5] In particular, the period-
ically driven Duffing oscillator, which has become a classic model for analysis of nonlinear
phenomena,[6, 7, 8] is studied, and its classical chaos is shown to crossover into the quantum
regime. The theory presented below focuses on some unresolved features posed by chaos
and on the correspondence principle which is the main focus of many new experiments with
excited atomic and molecular systems. These experiments can directly probe the realm of
high quantum numbers or classically chaotic motion.
The renewed interest in coupling classical systems to quantum ones has been revived
by a number of authors[9, 10, 11] who have examined continuous quantum measurements.
The question of coupling classical variables to quantum variables is intimately connected to
the question of how certain variables become classical in the first place.[12] In reality, there
are no fundamentally classical systems, only quantum systems that are effectively classical
under certain conditions. One must start from the underlying quantum theory of the whole
composite system and then derive the effective form of the classical theory. The starting
point is to think of the classical particle as continuously monitoring the quantum particle’s
position and responding to the measured value. To this end, consider a classical particle of
mass M with position X in a nonlinear potential, the periodically driven Duffing oscillator,
coupled to a quantum oscillator of frequency ω and mass m:
MX¨(t) +BX3(t)−AX(t) + λx¯(t) = Λ cos (Ωt) , (1)
where x¯(t) is associated with the measurement record of the quantum system. The evolution
3of the wave function of the quantum system ψ can be expressed at first in terms of the path-
integral for the unnormalized wave function:
ψ(x′, t′) =
∫
D[x(t)] exp

 i
h¯
t′∫
0
dt
(
1
2
mx˙2(t)−
1
2
mω2x2(t)− λx(t)X(t)
)
× exp

−
t′∫
0
dt
[x(t)− x¯(t)]2
4σ2(t)

ψ(x0, 0), (2)
where the path integral is over paths x(t) satisfying x(0) = x0 and x(t
′) = x′. The quantity σ
in the equation above represents the resolution of the effective measurement of the particle by
the classical system, as indicated by previous works.[9, 10, 11] However, some differences here
are worth mentioning. One is the time dependence of the quantity σ(t): most importantly is
the novelty that the general resolution of the measurement evolves according to a nonlinear
differential equation. Another difference relates to the dimension of the quantity σ(t): it
should be considered only proportional to the actual position uncertainty in the measurement
of the quantum particle. So, an explicit connection to a wave packet approach can be
established by writing σ2(t) = τδ2(t), where δ and τ have dimensions of space and time,
respectively. This point can be further elucidated by approximating the last term of Equation
(2) around an average time t¯, i. e., ∼ exp−[(x(t¯) − x¯(t¯))2/4δ(t¯)2] exp(−t¯/τ), where δ(t)
clearly stands for the position uncertainty (width of the wave packet) and τ characterizes
the time constant (relaxation time) of the measurement.
Now, the square of the absolute value of Equation (2) yields the probability density
for different measurement outputs at different times and from this equation the associated
Schro¨dinger equation describing the system undergoing continuous measurement can be writ-
ten as:
ih¯
∂ψ(x, t)
∂t
= −
h¯2
2m
∂2ψ(x, t)
∂x2
+
(
1
2
mω2x2 + λxX(t)
)
ψ(x, t)
−
ih¯
4τ
(
[x− x¯(t)]2
δ2(t)
− 1
)
ψ(x, t). (3)
Next, a solution to this equation can be found by considering previous findings [8, 9]
which have shown that continuous position measurement produces and maintains localization
in phase space as a necessary result of the information it provides. In addition to localizing
the state, a continuous position measurement can also introduce noise in its evolution: the
measured value x¯(t) can be associated with a mean value < x(t) > plus a noise-dependent
component ξ(t). So, in order to obtain a semiclassical protocol one must be in a regime in
which the localization is relatively strong and the noise sufficiently weak. However, a protocol
based on a complete hierarchy of stochastic equations associated with the average value of
the position < x(t) > makes it difficult to obtain an analytic solution to the problem.[9, 13]
The details of the variances and resulting noise strength permit only partial solutions based
4on varying h¯ and steady state regimes. Therefore, a formalism that keeps the measurement
record quantity x¯(t) without dealing with the details of the variances can circumvent this
difficult task and give a direct description of the evolution of the quantum system. This
rationale entails a wave packet solution around the measurement record x¯(t) as follows:
|ψ(x, t)| =
[
2piδ2(t)
]
−1/4
exp
(
−
[x− x¯(t)]2
4δ2(t)
)
. (4)
This minimum-uncertainty wave packet solution is further supported by recent, al-
ternative stochastic approaches[8] which have demonstrated that individual quantum tra-
jectories remain minimum-uncertainty localized wave packets for all times: the localization
being stronger the smaller h¯ becomes. Similar localization properties hold also for a variety of
quantum trajectory methods[14, 15, 16] where the mean uncertainty product M [∆x∆p]/h¯
remains close to 1 almost independent of h¯, thus corroborating the minimum-uncertainty
ansatz (4). These quantum trajectory methods have been used extensively in recent years
due their intimate connection to continuous measurement.
Within the Bohmian mechanics[17]-[32] a framework for analyzing quantum trajec-
tories is provided by assuming that the wave function which satisfies Schro¨dinger’s equation
is no longer the most complete description of the state of the system. It ascribes a particle
motion via the de Broglie guidance condition
v(x, t) =
1
m
∂S(x, t)
∂x
(5)
where v represents the particle velocity and S is the phase of the wave function ψ. By
expressing the wave function in polar form as
ψ(x, t) = φ(x, t) exp(iS(x, t)/h¯), (6)
Schro¨dinger’s equation can be recast as
∂v
∂t
+ v
∂v
∂x
= −
1
m
∂
∂x
(Vext + Vqu) , (7)
and
∂ρ
∂t
+
∂
∂x
(ρv) = 0. (8)
.
Equation (7) can be regarded as a modified Hamilton-Jacobi equation while Equation
(8) is a continuity equation for ρ = φ2; Vext denotes the external classical potential and
Vqu = −
h¯2
2mφ
∂2φ
∂x2
(9)
5is the so-called quantum potential.
Now, by substituting of Equations (6) and (4) into Equation (3),[33] the auxiliary
functions of time δ(t) and x¯(t) of the wave packet can be shown to conform to the following
equations:
¨¯x(t) + ω2x¯(t) +
(
λ
m
)
X(t) = 0. (10)
and
δ¨(t) +
1
τ
δ˙(t) +
(
ω2 +
1
4τ 2
)
δ(t) =
h¯2
4m2δ3(t)
(11)
Equations (10) and (11) show that a continuous measurement of a quantum oscillator
gives specific features to its evolution: the appearance of distinct classical and quantum
elements. This measurement consists of monitoring the position of the quantum system and
the result is the measured path x¯(t) for t within an uncertainty δ(t). The solutions to these
equations are presented as follows.
First, Equation (10) demonstrates the claim that continuous measurement can ef-
fectively obtain classical mechanics from quantum mechanics. The Lyapunov exponents
that separate different time scales of motion are established for both classical and quantum
solutions as follows:
λ(cl,qu) = lim
t→∞
∆(0)→0
{
ln
[
∆(cl,qu)(t)/∆(cl,qu)(0)
]
/t
}
, (12)
where
∆(cl,qu)(t) =
{
[(X+, x¯+)− (X−, x¯−)]2 + [(X˙+, ˙¯x
+
)− (X˙−, ˙¯x
−
)]2
}1/2
(13)
represents the renormalized classical, quantum Euclidean distances of the trajectories in
phase space, respectively. Equation (12) describes explicitly the asymptotic rate of expo-
nential divergence of the classical and quantum trajectories evolving from two initially close
initial conditions, respectively. It appears that, at least initially, the logarithmic divergence
of trajectories with a very small perturbation in the initial conditions is roughly linear on
this plot, indicating an exponential relationship. To find the exponent we need to find a line
that fits the logarithm of the data. Thus, it is appropriate to use only the data up to the
point where the difference is of order one. Although a perturbation causes exponential diver-
gence locally, solutions near this initial condition are attracted to a strange attractor, which
is a bounded set with zero area. Since this set is bounded, the divergence cannot continue
indefinitely. A regression on the data gets us a reasonable exponential function to model the
divergence: for the classical case, 8× 10−7e0.17(1)t and for the quantum case 5× 10−7e0.16(8)t.
Thus, the behavior of a quantum wave packet center of mass and the monitoring classical
6coordinate are equally chaotic and the Lyapunov exponents for both cases is found to be:
λqu ≃ λcl = 0.17.
On the other hand, Equation (11) shows that the width of the wave packet exhibits a
non-chaotic behavior. In this context, a solution to Equation (11) for a free particle (ω = 0)
supports qualitatively Yuen’s conclusions [5] so far as showing the possibility to beat the
standard quantum limit by means of transient, contractive states. Extensive deliberations
on how to defend or beat the standard quantum limit for both discrete and continuous
measurements of the position of a quantum particle can be found in the literature.[35]-[40]
Accurate measurements of the position of a particle is of much interest in the context of
gravitational-wave detection where questions have arisen as to whether there are fundamen-
tal quantum mechanical limits on detection sensitivity. The point here is that discrete or
continuous measurements may introduce squeezing that affects subsequent measurements.
Besides, the resolution squared [σ2(t) = τδ2(t)] of the measurement can reach a stationary
regime, namely:
σ2o =
h¯τ 2/m
(1 + 4ω2τ 2)1/2
, (14)
which indicates that localization can occur on a time scale which might be extremely short
compared to the oscillator’s frequency ω. For the low-frequency limit ωτ ≪ 1 (the free
particle limit ω = 0), this result reduces to σ2o = h¯τ
2/m. On the other hand, for the
high-frequency limit ωτ ≫ 1, σ2o = h¯τ/2mω. These results show that the resolution σ of
the effective measurement increases as the characteristic time constant τ (relaxation time)
increases.
To conclude, this work has developed a wave packet approach from a path-integral
formalism to describe a continuously measured quantum particle’s position by a classical
particle and to establish a direct correlation between a classical variable X with a quantum
variable x¯. It shows how the extremely irregular character of classical chaos can be reconciled
with the smooth and wavelike nature of phenomena by demonstrating that a wave packet
under continuous quantum measurement displays both chaotic and non-chaotic features. The
Lyapunov characteristic exponents for the trajectories of classical particle and the quantum
wave packet center of mass are calculated and their chaoticities are demonstrated to be about
the same. On the other hand, the width of the wave packet exhibits a non-chaotic behavior
and allows for the possibility to beat the standard quantum limit by means of transient,
contractive states.
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